Abstract. In their 2005 paper, C. Laurent-Gengoux and P. Xu define prequantization for pre-Hamiltonian actions of quasi-presymplectic Lie groupoids in terms of S 1 -central extensions of Lie groupoids. The definition requires that the quasipresymplectic structure be exact (i.e. the closed 3-form on the unit space of the Lie groupoid must be exact). In the present paper, we define prequantization for preHamiltonian actions of (not necessarily exact) quasi-presymplectic Lie groupoids in terms of Dixmier-Douady bundles. The definition is a natural adaptation of E. Meinrenken's treatment of prequantization for quasi-Hamiltonian Lie group actions with group-valued moment map. The definition given in this paper is shown to be compatible with the definition of Laurent-Gengoux and Xu when the underlying quasi-preysmplectic structure is exact. Properties related to Morita invariance and symplectic reduction are established.
Introduction
Quasi-symplectic groupoids were introduced in [32] to provide a unified framework to study several 'momentum map theories,' and in [8] (where they are called twisted presymplectic groupoids) as the global objects integrating twisted Dirac structures. Recall that a quasi-presymplectic structure on a Lie groupoid G 1 ⇒ G 0 consists of a pair of differential forms η ∈ Ω 3 (G 0 ) and ω ∈ Ω 2 (G 1 ) satisfying dη = 0, s * η − t * η = dω, and m * ω = pr * 1 ω + pr * 2 ω, where s, t : G 1 → G 0 are the source and target maps, respectively, m : G 1 × G 0 G 1 → G 1 is the groupoid multiplication, and pr 1 , pr 2 are the natural projections. Examples include (see Section 2.2) the cotangent bundle of a Lie group, the AMM groupoid associated to the conjugation action on a compact Lie group (as well as its twisted conjugation counterpart), and more generally the dressing action groupoid associated to a group pair integrating a Manin pair.
The resulting momentum map theories consist of Lie groupoid actions of the quasisymplectic groupoids G 1 ⇒ G 0 on manifolds X equipped with a differential form ω X ∈ Ω 2 (X) satisfying a compatibility condition with the quasi-symplectic structure (see Definition 2.10). These include ordinary Hamiltonian actions of Lie groups on Date: September 28, 2018. 2010 Mathematics Subject Classification. Primary: 53D50; Secondary: 53C08, 53D17, 53D20, 58H05 .
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symplectic manifolds, quasi-Hamiltonian actions with Lie group-valued moment map [3] and their twisted counterparts [21] , Hamiltonian loop group actions [22] , PoissonLie group actions [18, 19] , Hamiltonian quasi-Poisson G-spaces [2] , and symmetricspace valued moment maps [15] .
In their 2005 paper [14] , C. Laurent-Gengoux and P. Xu define prequantization for pre-Hamiltonian actions of exact quasi-presymplectic groupoids-where the 3-form η is exact-using central extensions of Lie groupoids (see also [30, 31] ). Consequently, their definition is not immediately applicable in certain examples, notably in the case of quasi-Hamiltonian G-actions where G is a compact semi-simple Lie group. As noted by the authors, one must first pass to a Morita equivalent quasi-presymplectic groupoid (aČech groupoid associated to a G-equivariant covering of G) in order to suitably interpret prequantization in that context. Following E. Meinrenken's approach in [20] for quasi-Hamiltonian group actions, this paper presents a definition of prequantization (see Definition 4.1) for Hamiltonian actions of quasi-presymplectic groupoids (with no exactness assumption), using the theory of Dixmier-Douady bundles (DD-bundles), which are bundles of C * -algebras with typical fibre the compact operators on an infinite dimensional separable Hilbert space. An important aspect of this definition relates to the notion of equivariance for DD-bundles used in the present context and investigated further in [12] , which makes use of the 'higher structure' inherent in DD-bundles (that is also present for other models of S 1 -gerbes, e.g. see [24] ).
We summarize the main results of the paper. In Theorem 4.7(1), we show that the definition of prequantization presented here (Def. 4.1) is consistent with the definition of Laurent-Gengoux and Xu for pre-Hamiltonian actions of exact quasi-presymplectic Lie groupoids. In this special case, one obtains a prequantum line bundle over the space X acted upon, and Theorem 4.7 (2) gives its (equivariant) real Chern class.
Recall that Morita equivalent quasi-presymplectic groupoids give rise to a correspondence between their corresponding Hamiltonian spaces. Theorem 5.5 verifies a Morita invariance property of prequantization, showing that prequantization respects this correspondence. As a corollary (Corollary 5.6), we recover the equivalence of prequantizations for Hamiltonian loop group actions and quasi-Hamiltonian group actions, without the assumption of simple-connectivity on the underlying Lie group in [11, Theorem A.7] .
Finally, Theorem 6.1 shows that the prequantization of a pre-Hamiltonian space descends to a prequantization of its symplectic quotients (provided they are smoothsee Remark 6.3). This paper is organized as follows.
In Section 2, we recall elementary simplicial data related to Lie groupoids and establish the notation used throughout the paper. We recall the definition of a quasi-presymplectic groupoid from [32] together with some examples appearing in the literature and review the definition of a pre-Hamiltonian action in this setting.
As stated earlier, the definition of prequantization given in this paper uses the theory of DD bundles. In Section 3, we review some elements of Dixmier-Douady theory (following [1] ) and recall their groupoid-equivariant counterparts from [12] , which makes use of the fact that DD bundles from a bicategory. We also recall the equivalent (strict) 2-category of differential characters of degree 3 (as well as its groupoid-equivariant counterpart), which we make use of in the proofs of several of our results. We also review the relative versions (i.e. relative equivariant DD bundles and relative equivariant differential characters) associated to a groupoid morphism.
In Section 4, we give the definition of prequantization for pre-Hamiltonian actions in terms of equivariant Dixmier-Douady theory. After recalling the definition of prequantizion from [14] for pre-Hamiltonian actions of exact quasi-presymplectic groupoids-phrased in terms of S 1 -central extensions of Lie groupoids-we state and prove the main result, Theorem 4.7, which verifies that the definitions agree in this case.
In Section 5, we review the definition of Morita equivalence for quasi-presymplectic groupoids and recall the correspondence between related Hamiltonian spaces for Morita equivalent quasi-presymplectic groupoids. The Morita invariance property, stated in Theorem 5.5 is established.
In the final section, we prove Theorem 6.1 on the compatibility of prequantization with symplectic reduction. Acknowledgements. The author thanks H. Bursztyn, E. Lerman, E. Meinrenken, and J. Watts for helpful conversations and correspondence. This work was partially supported by an NSERC Discovery Grant.
Preliminaries and notation
In this section we record some preliminaries on Lie groupoids and recall some definitions surrounding quasi-presymplectic groupoids and their pre-Hamiltonian actions.
2.1. Lie groupoids and double complexes. Mainly to establish notation, we recall aspects related to the simplicial manifold G • associated to a Lie groupoid G = (G 1 ⇒ G 0 ), as well as the resulting double complex arising from a presheaf of chain complexes. Denote the source and target maps by s, t :
To avoid the possibility of confusion, we may at times decorate the structure maps with a subscript to indicate the underlying groupoid (e.g. ǫ G as the unit map of G).
For k ≥ 2, write
whose elements are k-tuples (g 1 , . . . , g k ) of composable arrows (with s(g i ) = t(g i+1 )). For 0 ≤ i ≤ k, let ∂ i : G k → G k−1 be the face maps given by
For convenience, we set ∂ 0 = s and ∂ 1 = t on G 1 . It is easily verified that the face maps satisfy the simplicial identities ∂ i ∂ j = ∂ j−1 ∂ i for i < j. (We will not require degeneracy maps in this paper.)
A morphism of Lie groupoids F : G → H yields a map of simplicial manifolds F • : G • → H • , which for convenience may also be denoted F. If X is a G-space with anchor map Φ : X → G 0 , let Φ : G ⋉ X → G denote the resulting morphism of Lie groupoids.
Let (C * , d) denote a presheaf of cochain complexes, and consider the double complex
The horizontal differential is the alternating sum of pullbacks of face maps, ∂ = (−1) i ∂ * i . Denote the total complex by
with total differential δ = (−1) q d ⊕ ∂. For example, when C * = Ω * is the de Rham complex, we obtain the Bott-Shulman-Stasheff complex of G • . In this paper, we will use the de Rham complex Ω * , smooth singular cochains C * (−; Z) and C * (−; R), and a cochain complex of Hopkins and Singer [10] , denoted DC * following the notation in [16] (reviewed in Section 3.2). Note that we will abuse notation and use integration of forms to view Ω * (M) ⊂ C * (M; R) and also view C * (M; Z) ⊂ C * (M; R).
2.2.
Quasi-symplectic groupoids and Hamiltonian actions. We recall some definitions from [32] and [8] .
In terms of the de Rham differential d and simplicial differential ∂, the differential forms ω and η must satisfy dη = 0, dω = ∂η, and ∂ω = 0. Remark 2.2. As noted in [32, Remark 2.2] , ∂ω = 0 is equivalent to the condition that ω be multiplicative, i.e. m * ω = pr * 1 ω + pr * 2 ω, where m denotes the groupoid multiplication. Equivalently, the graph of m :
Remark 2.3. Using the terminology in [8] , the condition dω = ∂η is the condition that ω is relatively η-closed.
A quasi-presymplectic Lie groupoid (G, ω ⊕ η) is quasi-symplectic if the following condition controlling the degeneracy of ω is satisfied [8, 32] :
In this work, we will not make use of the above condition.
Remark 2.4. Quasi-symplectic groupoids (G, ω ⊕ η) were also introduced in [8] , where they are called called η-twisted presymplectic groupoids. (In that setting, the prefix pre alludes to the fact that ω is possibly degenerate, and the prefix is removed when ω is non-degenerate.) As noted in [32] , symplectic groupoids [29] and twisted symplectic groupoids [9] are important special cases of quasi-symplectic groupoids.
We recall some familiar examples below.
Example 2.5 (Cotangent bundle of a Lie group). Let G be a Lie group with Lie algebra g. The symplectic groupoid T * G ⇒ g * (with canonical symplectic form on T * G and zero form on g * ) is a quasi-symplectic groupoid. ⋄ Example 2.6 (AMM groupoid). [3, 8, 32] Let G be a Lie group equipped with a bi-invariant inner product ·, · on g. Let G × G ⇒ G be the action groupoid for the conjugation action of G on itself. Let θ L and θ R denote, respectively, the left and right invariant Maurer-Cartan forms on G. Let η ∈ Ω 3 (G) be the Cartan form,
and ω ∈ Ω 2 (G × G) be given by
Example 2.7 (Twisted AMM groupoid). The AMM groupoid above may be twisted by an automorphism of the Lie group G, as in [21] . Let κ : G → G be an automorphism, and consider the κ-twisted conjugation action of G on itself
Let Gκ denote the manifold G equipped with the above action. Let η be the Cartan form as above, and let ω (κ) ∈ Ω 2 (G × Gκ) be given by
As in the untwisted case, it is straightforward to verify that (G ⋉ Gκ ⇒ Gκ, ω (κ) ⊕ η) is a quasi-symplectic groupoid, since the inner product is invariant under automorphisms κ. ⋄ [7] , a choice of isotropic connection on the principal G-bundle D → D/G determines a quasi-presymplectic structure on
Examples 2.5, 2.6, and 2.7 may all be obtained via Manin pairs. Another important example of this kind is the action groupoid G ⋉ G * ⇒ G * of a complete Poisson-Lie group G acting on its Poisson-Lie dual group G * by the left dressing action [18, 19] . ⋄ Example 2.9 (Coadjoint action groupoid of loop groups). [6, 25] Let G be a compact Lie group with bi-invariant inner product on its Lie algebra g. Fix a real number s > 1, and consider the loop group LG = Map(S 1 , G) consisting of maps of Sobolev class s + 1/2 . The inner product on g induces a 2-cocyle on the loop Lie algebra Lg and hence corresponds to a central extension of Lie algebras Lg = Lg ⊕ R. Suppose the central extension integrates to a central extension of Lie groups
Let Lg * = Ω 1 (S 1 ; g) be the space of g-valued 1-forms of Sobolev class s − 1/2, with pairing Lg × Lg * → R given by (ξ, A) → S 1 ξ, A . Let Lg * = Lg * ⊕ R, and observe that the coadjoint action of LG on Lg * factors through LG. Identifying Lg * ∼ = Lg * ⊕ {1} ⊂ Lg * recovers the standard LG-action on Lg by gauge transformations. Let ω can be the 2-form on LG × Lg * , defined by the same formula as the canonical symplectic form on the trivialized cotangent bundle T * LG. Then the restriction of ω can to LG × Lg * descends to a 2-form ν on LG × Lg * , and (LG ⋉ Lg
A pre-Hamiltonian G-space is a triple (X, ω X , Φ) consisting of a (left) G-action on manifold X with anchor Φ : X → G 0 together with a 2-form ω X on X satisfying
where G ⋉ X denotes the action groupoid for the G-action on X.
Remark 2.11. Note that Definition 2.10 employs the opposite sign convention for pre-Hamiltonian spaces appearing in [32] .
Hamiltonian actions by quasi-symplectic groupoids were introduced in [32] as preHamiltonian actions satisfying a minimal degeneracy condition, controlling the degeneracy of the 2-form ω X . This paper does not make use of the minimal degeneracy condition.
Applying Definition 2.10 to the examples of quasi-presymplectic groupoids listed above provides several important examples of (pre)-Hamiltonian actions, such as: ordinary Hamiltonian G-actions on symplectic manifolds, quasi-Hamiltonian G-actions with group-valued moment map [3] and their twisted counterparts [21] , Hamiltonian loop group actions [22] , Poisson-Lie group actions [18, 19] , Hamiltonian quasi-Poisson G-spaces [2] , and symmetric-space valued moment maps [15] .
Equivariant Dixmier-Douady bundles and differential characters
In this section, we recall some perspectives on Dixmier-Douady bundles and differential characters. We also briefly review their groupoid equivariant counterparts as in [12] . Dixmier-Douady bundles are geometric models for S 1 -gerbes. Other such models appearing in the literature are S 1 -central extensions (see Definition 4.5), bundle gerbes [23] , and principal Lie 2-group bundles [4] .
3.1. Dixmier-Douady bundles. We provide a brief review of Dixmier-Douady bundles, following [1] . For further background, see also [26] .
Let H denote an infinite dimensional separable Hilbert space, and K(H) the C * -algebra of compact operators on H. Recall that the automorphism group Aut(K(H)) ∼ = PU(H) = U(H)/S 1 , where U(H) (with strong operator topology) acts on K(H) by conjugation.
Recall that a Dixmier-Douady bundle (DD-bundle) A → M is a locally trivial bundle of C * -algebras with typical fibre K(H) and structure group PU(H).
A Morita isomorphism of DD-bundles E : A 1 A 2 is a locally trivial Banach space bundle E → M of A 2 − A 1 bimodules with typical fibre K(H 1 , H 2 ), the compact operators from H 1 to H 2 . Locally, the bimodule action is given fibrewise by the natural K(H 2 ) − K(H 1 ) bimodule action given by post-and pre-composition of operators, respectively. The composition of two Morita isomorphisms
, the fibrewise completion of the (algebraic) tensor product over A 2 .
Given two Morita isomorphisms E 1 , E 2 : A 1 A 2 , a 2-isomorphism τ : E 1 ⇒ E 2 is a continuous bundle isomorphism τ : E 1 → E 2 that intertwines the norms and the (A 2 − A 1 )-bimodule structures.
Recall that given a Morita isomorphism E : A 1 A 2 , the opposite Morita isomorphism E * : A 2 A 1 is given by E * = E as real vector bundles, with opposite (conjugate) scalar multiplication. There are natural 2-isomorphisms
Remark 3.1. Suppose given Morita isomorphisms E 1 , E 2 and F as well as a 2-isomorphism τ :
At times, we will abuse notation and view τ instead as the composition
The above definitions allow us to view DD-bundles over a fixed manifold M as a bigroupoid (i.e. weak 2-category with coherently invertible 1-arrows and invertible 2-arrows). Hence, for example, we may speak of 'horizontal' composition of 2-isomorphisms τ ⊗ σ :
which is the usual composition of the underlying bundle maps.
3.1.1. Equivariant Dixmier-Douady bundles. We recall the definition of a G-equivariant DD-bundle below [12] .
Remark 3.3. In Definition 3.2 we implicitly use the simplicial identities-for example, by viewing ∂ *
We continue to abuse notation in this way throughout the paper. Given a morphism Φ : H → G of Lie groupoids and an G-equivariant DD-bundle (A, E, τ ) we can pullback along Φ in the obvious way to get a H-equivariant DDbundle Φ * (A, E, τ ),
Remark 3.4. Similar to Remark 3.3, to make sense of the above definition of pullback, we implicitly use (canonical) bundle isomorphisms so that, for instance, Φ *
e. a Morita trivialization of the pullback of A along f ). The equivariant counterpart is defined similarly. Definition 3.5. Let Φ : H → G be a Lie groupoid morphism.
(1) A relative DD-bundle for Φ is a pair (F , α; A, E, τ ) consisting of a G-equivariant DD-bundle (A, E, τ ) together with a Morita isomorphism
and an H-equivariant 2-isomorphism ρ :
3.2. Differential characters. In [12] , it was shown that the bicategory of DDbundles over a manifold is equivalent to a (strict) 2-category DC 3 1 (M), the 2-category of differential characters (of degree 3) on M, which we briefly recall below. (See also [16] and [10] for further details on the construction.)
To begin, let DC * 1 denote the chain complex, DC
with differential given by d(c, h, ω) = (dc, ω − c − dh, dω).
An object of the 2-category DC
, where x is a primitive of their difference, y 2 −y 1 = dx-see Remark 3.8 explaining the chosen sign convention. Here we identify x ∼ x+dv for all v ∈ DC 0 1 (M). Composition is given by addition, and hence all 1-and 2-arrows are isomorphisms.
Remark 3.6. The subscript in the notation for the above chain complex and the resulting 2-category of differential characters is included for completeness-the above is the s = 1 instance of family of chain complexes and 2-categories DC * s and DC * s , respectively. The interested reader may consult [16] and [10] for the significance of this parameter.
3.2.1. Equivariant differential characters. Analogous to Definition 3.2, we define the 2-category DC
The sign conventions used here for defining 1-and 2-arrows is chosen mainly to be able to view an object (z, y,
(where w is a primitive of ∂x) in the total complex of the double complex DC 1 (G). Lemma 3.9. G-equivariant differential characters are in one-to-one correspondence with
Proof. Note that a G-equivariant differential character amounts to a degree 3 cocycle ξ in the total complex DC *
where da = ∂x. Changing x to x + df for some f ∈ DC 0 1 (G 2 ) and a to a + ∂b results in the same equivariant differential character. Therefore, G-equivariant differential characters are in one-to-one correspondence with
10. The set of 1-isomorphisms between two fixed G-equivariant differential characters is either empty or a torsor for
Proof. Similar to the previous Lemma, (if it exists) a 1-isomorphism of two fixed G-
), amounts to a degree 2 cochain θ in the total complex DC 1 (G),
, where db = x 2 −x 1 +∂v. Changing v to v+dg for some g ∈ DC 0 1 (G 1 ) and b to b+∂g results in the same 1-isomorphism. Therefore, (if non-empty) the set of 1-isomorphisms of two fixed G-equivariant differential characters is a
3.2.2. Relative differential characters. Analogous to Section 3.1.2, we define relative differential characters for a Lie groupoid morphism as follows.
Definition 3.11. Let Φ : H → G be a Lie groupoid morphism.
(
3.3. The Dixmier-Douady class. Analogous to the classification of complex line bundles by their Chern class, Dixmier-Douady bundles are classified by a degree 3 cohomology class called the Dixmier-Douady class [26] . In [12] , it was verified that if G is a proper Lie groupoid, then Morita isomorphism classes of G-equivariant DDbundles are classified by H 3 (G; Z). In particular, an equivariant DD-bundle (A, E, τ ) is Morita trivial if and only if its DD-class DD(A, E, τ ) ∈ H 3 (G; Z) vanishes. 
We briefly describe the relative version of the DD-class. Let Φ : H → G be a morphism of Lie groupoids, and suppose we are given a relative DD-bundle (F , α; A, E, τ ) for Φ. The relative DD-class DD(F , α; A, E, τ ) is a cohomology class in H 3 (Φ; Z), the cohomology of the algebraic mapping cone of Φ * : C * (G; Z) → C * (H; Z) (see [28] for more on relative cohomology and mapping cones). In particular, DD(F , α; A, E, τ ) is represented by a pair By a real DD-class, we mean the image of the DD-class under the coefficient homomorphism induced by Z ֒→ R, which we will denote as DD R . By the de Rham Theorem, we may also represent such real classes using differential forms, so that
In this case, we may say that the
Similarly, we may use the de Rham Theorem to write a real relative DD-class
for some cocycle α ⊕ β ⊕ ω ⊕ η as above and total form
in the Bott-Shulman-Stasheff complex for H, satisfying
In this case, we may say that (F , α; A, E, τ ) represents the relation (3.1).
Equivariant prequantization
In this section we define prequantization for pre-Hamiltonian actions of quasipresymplectic groupoids in a manner that is analogous to the definition in the quasiHamiltonian case [20] .
Definition 4.1. Let (G 1 ⇒ G 0 , ω ⊕ η) be a quasi-presymplectic Lie groupoid, and let (X, ω X , Φ) be a pre-Hamiltonian G-space. A prequantization of (X, ω X , Φ) consists of a relative DD-bundle for Φ whose real DD-class is [(ω X , ω ⊕ η)] ∈ H 3 (Φ; R).
In other words, a prequantization of (X, ω X , Φ) is a relative DD-bundle (F , α; A, E, τ ) that represents the pre-Hamiltonian condition Φ * (ω ⊕ η) = −δω X .
Remark 4.2.
In contrast to other definitions of prequantization appearing in the literature, Definition 4.1 does not involve a choice of connective structure.
As with other treatments of prequantization, an obstruction to the existence of a prequantization can be characterized as an integrality condition. Proposition 4.4. Let (G 1 ⇒ G 0 , ω ⊕ η) be a quasi-presymplectic Lie groupoid, and let (X, ω X , Φ) be a pre-Hamiltonian G-space. A prequantization of (X, ω X , Φ) exists if and only if (ω X , ω ⊕ η) is an integral (relative) total form.
Proof. It is clear that if a prequantization exists that (ω X , ω ⊕η) is an integral relative total form.
Conversely, suppose (ω X , ω ⊕ η) is integral. Then there exists (b, c) ∈ C 2 (G ⋉ X; Z) ⊕ C 3 (G; Z) satisfying δc = 0 and Φ * c = −δb, as well as
for some (g, h) ∈ C 2 (Φ; R). Equation (4.2) says that ω ⊕ η is integral and it is straightforward to verify that (z, y, 
Together with the condition δω X + Φ * (ω ⊕ η) = 0, we find that
, which gives a Morita trivialization
It follows that the relative DD-bundle (F , α; A, E, τ ) is the desired prequantization.
Relation with Laurent-Gengoux & Xu's definition.
The definition of prequantization in Definition 4.1 is readily seen to agree with the definition of prequantization for quasi-Hamiltonian G-space with G-valued moment map [20] . In this subsection, we show that Definition 4.1 is consistent with the definition in [14] , which employs S 1 -central extensions to model S 1 -gerbes. For convenience, we recall some elementary definitions regarding S 1 -central extensions and prequantization from [14] . (For more further on S 1 -central extensions, the reader may consult [5] or [27] .) Definition 4.5. An S 1 -central extension of a Lie groupoid G 1 ⇒ G 0 is a Lie groupoid R ⇒ G 0 together with a Lie groupoid homomorphism
with the property that π is a (left) principal S 1 -bundle and the principal S 1 -action on R is compatible with the groupoid multiplication on R: (s · x)(t · y) = st · (xy) for all s, t ∈ S 1 and (x, y)
Recall from [5] that associated to an
, which by [5, Proposition 4.7] pulls back along ǫ G to zero in H 3 (G 0 ; Z). In particular, if (G, ω ⊕ η) is a quasi-presymplectic groupoid and R → G 1 ⇒ G 0 is an S 1 -central extension whose real DD-class is [ω ⊕ η], then η must be exact.
For a quasi-presymplectic groupoid (G, ω ⊕ η) with exact 3-form η, the authors in [14] define a prequantization of a Hamiltonian G-space (X, ω X , Φ) as an
equipped with an R-action satisfying (s · r)(t · y) = st · (ry) for all s, t ∈ S 1 and (r, y) ∈ R × G 0 L. Theorem 4.7(1) below shows that this definition is compatible with Definition 4.1.
The proof of Theorem 4.7 requires the following lemma, which describes the coherence condition for 1-isomorphisms of equivariant DD-bundles (see Definition 3.2(2)) in the special case of a trivialization. Note that the statement of the lemma implicitly abuses notation in the spirit of Remark 3.1.
Lemma 4.6. Let G be a Lie groupoid, and let (A, E, τ ) be a G-equivariant DDbundle. A trivialization (G, β) : ǫ * (A, E, τ ) (C, C, id) gives rise to an equality of 2-isomorphisms β = ǫ * τ .
Proof. The coherence condition from Definition 3.2(2) amounts to the following commutative diagram of bundle isomorphisms over G 0 :
where the unlabelled arrow is a canonical isomorphism. Hence, the diagram
Theorem 4.7. Let (G, ω ⊕ η) be a quasi-presymplectic groupoid, and let (X, ω X , Φ) be a pre-Hamiltonian G-space. Suppose that (F , α; A, E, τ ) is a prequantization of (X, ω X , Φ) and that ǫ * G (A, E, τ ) admits a trivialization over G 0 (viewed as a trivial groupoid). Then 
, where β 0 is a primitive of η and θ is a primitive of the curvature form of π : R → G 1 pulled back along π.
Let (F , α) be the trivialization of Φ * (A, E, τ ) given by the prequantization. Consider the composition
The 2-isomorphism α (see Remark 3.1) in the diagram
We verify below that this isomorphism, which will be denoted by ψ :
It is straightforward to verify that
where (γ, x, y 0 , y 1 ) ∼ (γ, x, λy 0 , λy 1 ) for λ ∈ S 1 . (We shall use brackets [ · · · ] to denote ∼-equivalence classes.) Given (r, y) ∈ R × G 0 L, define r · y ∈ L by the equality ψ(r, p(y)) = [π(r), p(y), y, r · y]. This is well-defined since the action of S 1 on L is free. We check that this formula defines an action of R on L with anchor Φp. That Φp(r·y) = ∂ 1 (r) follows immediately from the fact that G acts on X: since p(r · y) = π(r) · p(y), and hence Φp(r · y) = Φ(π(r) · p(y)) = ∂ 1 (π(r)) = ∂ 1 (r).
Recall that the unit map ǫ R : G 0 → R can be viewed as a section of the S 1 -bundle ǫ * G R → G 0 . We show next that the units of R act trivially. This will follow from the commutative diagram (4.3) below of S 1 -bundles over X. (The commutativity of the diagram will be shown subsequently.)
The vertical maps marked as equalities are canonical isomorphisms. The canonical isomorphism on the right is
where λ(y 0 , y 1 ) ∈ S 1 is defined by
To see that (4.3) guarantees that the units act trivially, let a ∈ G 0 , and consider
the corresponding coherence conditions are
G⋉X α, by Lemma 4.6. Therefore, the trivializations in diagram (4.4) coincide (i.e. the diagram commutes) because each is a trivialization that is compatible with Φ * ǫ *
Next, we show that r 0 · (r 1 · y) = (r 0 r 1 ) · y for compatible r 0 , r 1 ∈ R, y ∈ L. As will be verified next, this follows from the commutativity of the diagram below
(where the equalities are canonical isomorphisms). (The commutativity of the diagram follows by an argument similar to the one given above for diagram (4.3), ultimately relying on the coherence condition satisfied by the trivialization (F , α).)
A straightforward computation gives the identifications
where (r 0 , r 1 , r, x) ∼ (λr 0 , r 1 , λr, x) ∼ (r 0 , µr 1 , µr, x), for λ, µ ∈ S 1 , and
we compare the two ways of going around the above commutative diagram:
(where λ(−, −) is defined analogously as above) and hence r 0 · (r 1 · y) = (r 0 r 1 ) · y, as required.
Finally, that the R-action is compatible with the S 1 -action, as stated in the Theorem, follows from the fact that ψ is a bundle map.
Proof of (2) . In addition to making use of the equivalence (of bicategories) between equivariant DD-bundles and equivariant differential characters of degree 3 [12] , this proof also makes use of the degree 2 version shown in [16] for principal S 1 -bundles (the reader is referred there for details). Briefly, we recall that for a Lie groupoid H 1 ⇒ H 0 , the category of H-equivariant S 1 -bundles is equivalent to the category DC 
(In this case, two 1-isomorphisms whose difference is exact are considered equal.) Moreover, y must satisfy a coherence condition that ∂y is exact.
Note that one of the defining relations of this trivialization is that
Then it is straightforward to verify that the principal S 1 -bundle π : R → G 1 may be represented by the differential character of degree 2 (also denoted by R),
and that the S 1 -bundle p : L → X may be represented by the differential character of degree 2 in DC
This immediately gives the non-equivariant curvature class of L as [Φ
Next we will find an equivariant extension for L in DC 
it would suffice to find a primitive r with π F 1 , 0) ) is exact. (In this case, we set y = Φ * r + (π ′ ) * (B 1 , F 1 , 0) to get the data needed for the desired equivariant extension (L, [y] ).) We verify below that such a primitive exists.
Since the pullback S 1 -central extension π * R → R ⇒ G 0 is canonically trivial, it follows that π * ζ is canonically trivial as well. That is, there exists a canonical 1-isomorphism (u, [v] ) : 0 → π * ζ, where
To be more precise, the trivialization σ = σ R = (u, [v] ) above satisfies the following property. Given a groupoid morphism f :
and consider the pullback central extensionf
Viewing trivializations of S 1 -central extensions as sections, let σ : R → π * R be a section of π. Then the sections
agree (up to natural 2-isomorphism).
Together with (4.5), a straightforward calculation verifies that r = ∂ R w−v will suffice. Letting θ be the component of r ∈ DC 1 1 (R) in the Ω 1 (R) summand, we find that the equivariant curvature class is as stated in the Theorem.
As a special case of Theorem 4.7 above, we briefly consider the case of ordinary Hamiltonian G-spaces. (See also [14, Example 4.3] .) Example 4.8. Let (M, ω) be a symplectic manifold equipped with a Hamiltonian G-action with G-equivariant moment map Φ : M → g * , where G is a compact Lie group. In other words, (M, ω, Φ) is a Hamiltonian T * G-space, for the symplectic groupoid (T * G ⇒ g * , −dα), where α is the canonical 1-form on the cotangent bundle (which satisfies ∂α = 0). Additionally, suppose (M, ω, Φ) admits a prequantization.
(In the notation of the statement of the theorem, we have β 0 = 0 and θ = π * α.) Moreover, the R-equivariant
L is a prequantum circle bundle-and its corresponding R-equivariant extension is
Morita invariance
This section considers the compatibility of Definition 4.1 with Morita equivalence, and establishes a Morita invariance property for prequantization in Theorem 5.5.
5.1.
Morita equivalence of quasi-presymplectic groupoids. Recall that a morphism of Lie groupoids F : G → H is a (weak) equivalence if the map
) is a surjective submersion and if the commutative square below is cartesian: 
H is an equivalence of proper quasi-presymplectic groupoids (G, ω ⊕ η) and (H, ν ⊕ χ), then one may choose a primitive α ∈ Ω 2 (K 0 ) with
That is, K may be viewed as a quasi-presymplectic groupoid in two ways, (K, λ * (ω ⊕ η)) and (K, ρ * (ν ⊕ χ)), which differ by a gauge transformation [32] .
Recall that two Morita equivalences G K 
Related Hamiltonian spaces.
Recall from [32, Theorem 4.19] , that Morita equivalent quasi-presymplectic groupoids (G, ω ⊕η) and (H, ν ⊕χ) give rise to equivalent theories of Hamiltonian actions. That is, given a Hamiltonian G-space (X, ω X , Φ) one may construct a corresponding Hamiltonian H-space (M, ω M , µ) and vice versa. In Theorem 5.5 below, we will show that prequantization respects this correspondence.
To begin, we recall some aspects of the correspondence in [32] , in a special case which will suffice in our setting. (We refer the reader to [32, Proposition 4.23] for details.) Let (G, ω ⊕ η) and (H, ν ⊕ χ) be proper quasi-presymplectic groupoids, and let F : G → H be an equivalence, viewed as an equivalence of quasi-presymplectic groupoids (i.e. with λ = id, ρ = F). Suppose in addition that
Let (M, ω M , µ) be a pre-Hamiltonian H-space. Then the corresponding G-space (X, ω X , Φ) is obtained by setting
, and moment map Φ : X → G 0 given by projection to the first factor.
Conversely, (M, ω M , µ) is obtained from (X, ω X , Φ) by setting M to be the quotient The corresponding 2-forms on X and M are determined by the relation:
where f 0 : X → M denotes the quotient map.
Lemma 5.3. Let G and H be proper Lie groupoids, and let F : G → H be an equivalence with F 0 a surjective submersion. Let X and M be G and H-spaces with moment maps Φ and µ, respectively, obtained from either of the above constructions. Then the natural morphism G ⋉ X → H ⋉ M is an equivalence.
Proof. It is straightforward to verify that the above constructions for X and M are inverse to each other (up to diffeomorphism). Therefore, we may assume X = G 0 × H 0 M. Abusing notation, let f : G⋉X → H⋉M be the induced map of action groupoids:
Since F 0 is a surjective submersion, so is the pullback f 0 , and hence so is the map
It remains to verify
To that end, let (x 1 , m 1 ; x 2 , m 2 ; h, m) be an element from the right hand side of (5.3), so that φ(x i ) = µ(m i ) (i = 1, 2), m 1 = m, and m 2 = h · m. Since F is an equivalence, there is a unique g ∈ G 1 with s(g) = x 1 , t(g) = x 2 and (g, x 1 , m 1 ) defines an arrow on the left side of (5.3). This gives the required identification.
/ / H is a Morita equivalence of the proper quasisymplectic groupoids (G, ω ⊕ η) and (H, ν ⊕ χ), where λ 0 and ρ 0 are surjective submersions. Let α ∈ Ω 2 (K 0 ) satisfy (5.1).
We may iterate the construction above to associate a Hamiltonian H-space to a Hamiltonian G-space via the corresponding K-space. Indeed, let (X, ω X , Φ) be a pre-Hamiltonian G-space. Using the above construction, we may form a Hamiltonian K-space (Z, ω Z , Ψ) for the quasi-presymplectic groupoid (K, ρ * (ν ⊕ χ)). It is straightforward to verify that (Z, ω Z + Ψ * α, Ψ) is a Hamiltonian K-space for the quasi-presymplectic groupoid (K, λ * (ω ⊕ η)). Hence we may form the Hamiltonian H-space (M, ω M , µ). Using (5.2), it follows that the 2-forms ω X , ω M , and ω Z satisfy:
where ℓ : Z → X and r : Z → M denote the natural quotient maps arising in the construction.
A straightforward application of Lemma 5.3 gives the following Proposition. / / H is a Morita equivalence. Let X, Z and M be G, K and H-spaces with moment maps Φ, Ψ, and µ, respectively, as in the above construction. Then the natural morphisms
/ / H ⋉ M provide a Morita equivalence of the corresponding action groupoids.
We are now ready to establish the main result of this section, showing that prequantization respects related Hamiltonian spaces. 
where the vertical maps are equivalences.
Being equivalences, the vertical maps induce isomorphisms on cohomology H * (−) (with any coefficients). The two commutative squares in the above diagram induces maps on relative cohomology (with any coefficients) 
Hamiltonian loop group actions and quasi-Hamiltonian spaces. For the remainder of this section, let G be a compact Lie group with bi-invariant inner product ·, · on g, and LG = Map(S 1 , G) as in Example 2.9.
As an application of Theorem 5.5 to the equivalence (see [3, Theorem 8.3] and [32, Corollary 4.28] ) between Hamiltonian LG-actions with proper moment map and quasi-Hamiltonian G-actions with group-valued moment map, we obtain the following corollary (cf. [11, Theorem A.7] which assumes G is simply connected).
Corollary 5.6. Let (X, ω X , Φ) be a pre-Hamiltonian LG-space, and (M, ω M , µ) its corresponding quasi-Hamiltonian G-space. Then (X, ω X , Φ) admits a prequantization if and only if (M, ω M , µ) does.
A necessary condition (and ingredient) for the existence of a prequantization is the existence of G-equivariant DD-bundle representing the quasi-presymplectic structure ω ⊕ η. For the case of the symplectic groupoid LG × Lg * ⇒ Lg * this amounts to a central S 1 -extension (by Theorem 4.7 (1)). And by [6, Theorem 3.3] , this central S 1 -extension of groupoids corresponds to a central extension of Lie groups,
For simple G, such central extensions are classified (see [25] and [13] ), and a necessary condition for the existence of such a central extension is that the inner product ·, · be a multiple of l b · B, where B denotes the basic inner product on g, and l b is the basic level. Recall B is the invariant inner product on g normalized to make short co-roots have squared length 2, and the integer l b is the smallest integer l such that l ·B(λ 1 , λ 2 ) ∈ Z for all elements λ 1 , λ 2 of the integral lattice Λ ⊂ t (t is the Lie algebra of a maximal torus T ⊂ G). The integers l b are computed in [13] for each compact simple Lie group G (e.g. if G is simply connected, l b = 1). Therefore, by Corollary 5.6, we obtain:
Corollary 5.7. Let G be a compact simple Lie group and let l · B be a positive integer multiple of the basic inner product on g. If the quasi-Hamiltonian G-space (M, ω M , µ) admits a prequantization, then l is a multiple of the basic level l b .
Symplectic quotients
In this section, show how the definition of prequantization 4.1 is compatible with symplectic quotients.
Let (G, ω ⊕ η) be a proper quasi-presymplectic groupoid, and let (X, ω X , Φ) be a pre-Hamiltonian G-space. Suppose that z ∈ G 0 is a regular value for Φ : X → G 0 . Then the G-action on X restricts to a G 1 (z)-action on the level set manifold Φ −1 (z) ⊂ X, where G 1 (z) = {g ∈ G 1 | s(g) = z = t(g)} denotes the isotropy group of z. Below, we show how a prequantization for (X, ω X , Φ) pulls back to a G 1 (z)-equivariant S 1 -bundle over Φ −1 (z). When the G 1 (z)-action on the level set is free, we may view this as a prequantization of the resulting symplectic quotient Φ −1 (z)/G 1 (z) (see [32, Theorem 3.18] ). Theorem 6.1. Let (G, ω ⊕ η) be a proper quasi-presymplectic groupoid, and let (X, ω X , Φ) be a pre-Hamiltonian G-space. Suppose that z ∈ G 0 is a regular value for Φ : X → G 0 and let j : Φ −1 (z) ֒→ X denote the inclusion map. A prequantization of (X, ω X , Φ) gives rise to a G 1 (z)-equivariant S 1 -bundle over Φ −1 (z) whose real G 1 (z)-equivariant curvature class is [j * ω X ] ∈ H 2 (G 1 (z) ⋉ Φ −1 (z); R). Remark 6.2. The proof of Theorem 6.1 shows how one can describe the resulting G 1 (z)-equivariant S 1 -bundle with curvature class j * ω in bundle-theoretic terms.
On the level set Φ −1 (z), there are two Morita trivializations of the equivariant DDbundle j * Φ * (A, E, τ ): one resulting from the pullback of the prequantization (F , α) : (C, C, id) Φ * (A, E, τ ) along the inclusion j, and the canonical trivialization coming from the fact that the composition Φ • j is trivial. Their difference defines a line bundle (or equivalently its associated S 1 -bundle) over Φ −1 (z).
Remark 6.3. Under the conditions of Theorem 6.1, if we assume additionally that G 1 (z) acts freely on the level set Φ −1 (z), we see that the G 1 (z)-equivariant S 1 -bundle obtained in the Theorem descends to a prequantum S 1 -bundle on the symplectic quotient Φ −1 (z)/G 1 (z).
